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Random dynamical systems theory
for nonlinear stochastic phenomena

Random logistic map

Ln+1 = CLCUn(]. — xn) + Sn s
a = 383 X ~

¢, bounded uniform noise in [6, —6}

£
[G. Mayer-Kress and H. Haken, 1981

YS, T-S Doan, M, Rasmussen, J. Lamb, submitting]
Stochastic Lorenz equation

dx = s(y — x)dt + ox dW,,
dy = (x — y — x2)dt + oy dW;,
dz = (—bz + xy)dt + oz dW,.

r=28,s=10,b=8/3,0=0.3
W1t: Wiener process

[M. Chekroun, E. Simonnet, M. Ghil, 2011
YS, M. Chekroun, M. Ghil, in preparation]
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1. Random dynamical systems and noise-
induced phenomena
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First return plot
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Extracting dynamics from data
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Extracting dynamics from data

Logistic map [May, 1976]

an Tpt1 = aTp(l — )




Delay coordinate plot and embedding

* Attractor reconstruction

YN

of |

Xx(t+21)
L b o v 2 0 o 3 ®

1)
S8 b 8
T —
) %




Return plot of experimental data

Chaos in dripping faucet [Shaw, et. al. 1984]
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Return plot of experimental data

Nonlienar laser with feedback [Arrecci, et. al.,

1986]
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Return plot for experimental data

Belousov-Zhabotinskii chemical reaction [R. H.
Simoyi, et. al., 1982]

(b)

3 o

180 ° 180
>
- xn+|

180 160} :
; p
2 L
s -
a

140 L L1 1 1 | wol—t 111114111

j=— 10min —» j€~ omin =
mi B ; FIG. rding from bromi ectrode; °C;

flow r: ml/min; Ce*® catal



Chaotic dynamics

Chaos in dripping faucet
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180 T, (sec)

[R. Shaw, 1984]



Dynamical system model

Chaos in dripping faucet
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Stochastic process

Chaos in dripping faucet
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Random dynamical system model

Chaos in dripping faucet
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Non-autonomous dynamical system
model

Chaos in dripping faucet
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Dynamical systems with a large

degrees of freedom
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Random dynamics from time series of rotating fluid

[M. Iima, et.al, (2006)]
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Stochastic chaos in a turbulent swirling flow

Collective motionin Karman flow Time series embedding
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[B. Saint-Michel, et.al, 2013]

: : . Lyapunov spectrum
Stochastic Duffing equation .
dr = ydt | o] -
dy=(—ay+z—uz ° + zsin (wt))dt | < e IR
dz = —¢(z — p)dt + odW, el =

Y n
[D. Faranda, YS, B. Saint-Michel, C. Wiertel, V. Padilla, B. Dubrulle, F. Daviaud., PRL, 2017]



One-dimensional maps with presence
of noise

¢n: Noise

Xn+1

Xn



One-dimensional random maps
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J. Lamb, submitting] https://arxiv.org/abs/1702.07024]



Noise-induced chaos

“Is period 3 logistic map in window region
potentially chaotic under noisy measurements?”

Model: z,.1 = a — . + €&, (a=1.755,€£E€[-1,1]: noise)




Noise-induced chaos

Small additive noise to period 3 window region
makes non-attracting chaotic set observable.

Tpi1 = a — T2 + €&, (a=1.755,£<[-1,1]: noise)
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e Bifurcation
Power spectra

L

350

1 I I 1

175 1.76 177 178 1.79

Lyapunov exponents

300 |- -

250 - -

200 4 EELT TELEEEL e [T

100 | 4

50

fluctuation

0 L " n L i
0 0.05 01 0.15 02 0.25 03 035 04 045

160000 T T T T T T T T T

140000

T
I

120000

100000

1.8

80000 - B

a=1.755

Mayer-Kress and Haken (1981)

20000 B

Noise-induced chaos




Noise-induced order

 Small additive noise to chaotic region of BZ mapsinducesa
peak of power spectrum.
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spectra
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Multiple noise-induced transition

Both Noise-induced chaos (NIC) and noise-induced
order (NIO) are observed increasing noise amplitude.
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Power spectra
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Noise-induced phenomena

e Stochastic resonance
[Benzi et. al., 1982]

— Gradientdynamics
— Potential barriersinteract with noise ‘

* Noise-induced synchronization
[Teramae and Tanaka, 2004]

— Oscillatory dynamics
— Stagnation pointsin phase interact with noise

 Noise-induced chaos

[G. Mayer-Kress and H. Haken, 1981] x ////

— Chaoticdynamics

— Chaoticsaddles, UPOs, ..., interact with noise ’////\k



Random dynamical systems

A random dynamical system is the combination
of two systems (0, ¢).

Model of noise © Model of dynamics ¢

Random influence
>

Q:{w=(...,wg, Wy, Wy, ...)}

‘ Tnt1 = f(Tn) +wn ‘ Wn: NOise State space

or (wn ) = (0"w0, B(n.0"wo)zo) O X(X)




Non-autonomous dynamical systems

A non-autonomous dynamical system is the
combination of two systems (), ¢).

Model of environment Model of dynamics ¢

Influence
—>

X
- {i=(.,i0, i1, 12, .)}
‘ Tpt1 = f(zn) + Ip ‘ State space
| X X

{I_n}:arbitrary input



Random attractor and its stability

Random attractor: A(w)

An invariant random set of x, 11 = f(x,) + &, = ¢(n,w)xg
satisfies  lim d(¢(n,0"w)B, A(w)) =0

for a boundedset BCX.

Random Lyapunov exponent: A(w)

Mo, z) = nh_{go % log 8¢(g;jw):v

| (z e Aw))

We may use <A> to measure average stability



Example: random point attractor

Langevin equation for Ornstein-Uhlenbeck process

dx = —Axdt + odW; (4,0 > 0, W,.: Wiener process)

Random point attractor: x(w)

Invariant density: o(x(w))~/2/maZ exp (_ sz)

g2

Lyapunov exponent: —A



Example: random strange attractor

Lorenz system Stochastic Lorenz system

dz/dt = s(y — x) dr = s(y — x)dt + oxdW,
dy/dt =rx —y — 2 dy = (rx — y — z2)dt + oydW,
dz/dt = —bz + zy dz = (—bz + zy)dt + odW;
r=28,5=10,b=8/3 r=28,s=10,b=8/3,

o = 0.3, Wt: Wiener process




Example: Random strange attractor

dz/dt = s(y — x)
dy/dt =rx —y —xz
dz/dt = —bz + xy

r=28,s=10,b=8/3

dxr = s(y — x)dt + cxdW;
dy = (rx —y — zz)dt + oydW;
dz = (—bz + xy)dt + odW;

r=28,s=10,b=8/3,
o = 0.3, Wt: Wiener process




Example: Random strange attractor

dx/dt = s(y — x) dr = s(y — z)dt + cxdW;
dy/dt =rx —y — 2 dy = (rr —y — xz)dt + oydW,
dz/dt = —bz + zy dz = (—bz + xy)dt + odW;
r=28,5=10,b=8/3 r=28,s=10,b=8/3,

o = 0.3, Wt: Wiener process




Example: Random strange attractor

dr/dt = s(y — x)
dy/dt =rx —y — 2
dz/dt = —bz + xy

r=28,s=10,b=8/3

dx = s(y — x)dt + oxdW,
dy = (rx —y — zz)dt + oydW;
dz = (—bz + xy)dt + odW;

r=28,s=10,b=8/3,
o = 0.3, Wt: Wiener process




Noise-induced phenomena in
random dynamical systems

Noise-induced phenomena in orbits

— Noise-induced chaos, noise-induced order, noise-
induced synchronization, ...

Noise-induced phenomena in densities

— Stochastic resonance, stochastic stability,
statistical periodicity, ...

Noise-induced phenomena in basins

— Noise-induced riddling, noise-induced
reproducibility,...



Stochastic coupled oscillators
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Stochastic coupled oscillators

Video by K. Lin
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Random dynamical systems analysis for
noise-induced phenomena

Noise-induced Stationary state Topological Top Lyapunov exponent
phenomena | | bifurcation | A vs noise amplitude o

Stochastic resonance | random

periodic No -

attractor =

Noise-induced order | “window

phenomena”

[A. Cherubini, YS, M. Rasmussen, J. Lamb, 2017]
[YS, T-S Doan, M, Rasmussen, J. Lamb, to be submitted] [YS, R. Klages, to be submitted]



x[t]

Noise-induced transition
in open dynamics

Anomalous diffusion in random dynamical systems

[Collaboration with Rainer Klages
at Queen Mary University of London, UK]
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2. Deterministic diffusion



Deterministic diffusion

Chaotic scattering

Gaspard—Rice scattering




Deterministic diffusion

Open billiard

Periodic Lorenz gas



Deterministic diffusion

Open billiard

Lorenz gas



Bernoulli map and coin tossing

0 1 ,
1 /.
%
= y
0 X, 1
B,(x) = ax (mod1)
a=2

“Coarse-grained” chaotic dynamics Coin tossing



Open Bernoulli map

€T 1 — ax
n+ n/ Cf. Open billiard (schematic view)




Open Bernoulli map

-
a<xn+1/1 / @@
/ / < | >

Cf. Chain of open billiard

Bo(x +1) = By(z) + 1
B,(x) = axr (modl) a>2



Open Bernoulli map and random walk

Bu(x +1) = By(x) + 1
B.(x) = ax (mod1)

a>2

X[1]

100

50 |

";,-I’z-.\ ;‘-\;& - f&:‘\
O .{VK_’ *\ﬁr
&\l‘ !A \,‘"’h'
AL A Pl v,
-50 ' “ﬁ"\; "z_'\‘“
-100 ' ' ' -
1000 2000 3000 4000 5000
t



Open Bernoulli map and random walk

Dynamics of open Bernoulli map
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Open Bernoulli map and diffusion
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Bo(x +1) = By(z) + 1

Cf. Chain of open stadium billiard
B,(x) = axr (modl) a>2 with multiple particles




Open Bernoulli map and diffusion

Bu.(z +1) = By(x) + 1
B.(x) = ax (mod1)

a>2
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Mean square displacement

e (0?) | D= i O
(w(t)7) ~ 1
T



Diffusion coefficient and expansion rate
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Climbing sine map and diffusion
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Climbing sine map and diffusion
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Climbing sine map and diffusion
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Pomeau-Manneville map




Open Pomeau-Manneville map

and sub-diffusion
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Open Pomeau-Manneville map
and super-diffusion
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Deterministic anomalous diffusion

D= fim 20

t— o0

(w(t)") ~ t°

a=2 : Ballistic

1<a<2 : Super-diffusion
a=1 : Normaldiffusion
O<a<1 : Sub-duffusion
a=0 : Localization




3. Anomalous diffusion in random dynamical
systems



Summary

1. Climbing sine map may show noise-induced
anomalous sub-diffusion.

2. Universality of intermittencyin 1D random dynamical
systems is different from those in deterministic 1D
dynamical systems. ]

3. Weak ergodicity breaking caused by noise-induced
synchronization.



Application: Spatially extended RDS model
for locomotion of microorganisms

Tetrahymena
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[YS, T. Nakagaki, in preparation]



Application: Coupled RDS model for
atmospheric jet stream

Creation and annihilation of blocking phenomena
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Jet latitude dynamics
at rocky mountains

[ Our on-going research project at LSCE! ]
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