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Motivation: Modelling extremes
with real applications. This also
requires modelling the extremal
dependence
Ex. High-dimensional data (e.g.
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Spatial processes (e.g. Rainfalls)
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Aim: To Provide a non-parametric
estimator of the dependence
structure



NONPARAMETRIC ESTIMATION OF THE PICKANDS DEPENDENCE FUNCTION USING BERNSTEIN POLYNOMIALS
Outline

Motivation: Modelling extremes Outline:

with real applications. This also 1. Multivariate Extremes

requires modelling the extremal Framework

dependence

Ex. High-dimensional data (e.g. . Problems and Solutions
Pollution)

. . Our Proposal
Spatial processes (e.g. Rainfalls) P

!

Aim: To Provide a non-parametric
estimator of the dependence
structure

. Estimation Procedure
. Numerical Results

. Properties

~N O B W

. Conclusion



NONPARAMETRIC ESTIMATION OF THE PICKANDS DEPENDENCE FUNCTION USING BERNSTEIN POLYNOMIALS

Multivariate Extremes Framework

MULTIVARIATE EXTREMES FRAMEWORK

LetX; = (X;1,...,X;q) be a vector of component-wise maxima
(Resnick, 1987)

Characterization (de Haan and Ferreira, 2006)

» MEVD with unit Fréchet margins can be written as

G(xi,y...,xq) =exp(=V(xy,...,xq))

> exponent measure

V(x,-xa) = v (((0,2] > - -+ < (0, xq])° /sd, 1(?)

» H is a probability measure satisfying the mean constraint

1
/wiH(dW):— for i=1,...,d
Su d
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Multivariate Extremes Framework
= Problems and Solutions

PROBLEMS AND SOLUTIONS

I In f)rder to get G(x) we negd - 1 Focus on the exponent
to integrate out H(dw) and it function V(x)

can be DIFFICULT

2 Use a NON-PARAMETRIC

2 The family of admissible l
estimator

dependence structures CAN
NOT BE PARAMETRIZED

3 Derive an estimator SUBJECT
to CONSTRAINTS

3 V needs to satisfy specific
properties so that G is a -

distribution
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Multivariate Extremes Framework

- Pickands Dependence Function

PICKANDS DEPENDENCE FUNCTION

1 1
G(x)-exp{—(x—l—&-...—l—g)A(w)} ;—
A:S;—[0,1] d=d—1 <2
= 5 <~
S; ::{(Wl,...,W(})E [O,I]d:Z?:IWiS 1, W,‘ZO} :7

Properties

P1) A(w) is continuous and convex

P2) A(w) > max (wl, coywg, 1 — Zigawi)
1/d < A(w) < 1

P3) Ale;) =1, 1 <i<d,

A(0) =1
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Bernstein Polynomials

PROPOSAL

Consider a multivariate estimator based on BERNSTEIN POLYNOMIALS (Bayad,
2011)

Let k € N be the order of the polynomial and J = {0, . .., k} be the index set. Let
by : S5 — [0, 1] be the £th Bernstein polynomial’s base, that is

be(w; k) = (" )wwu = |wpyleel,
Qe

where

d
w =

i k k!
w =gl = —
! e =Jra (ozg> ael(n — |au))!

Let Ly = {¢ € L : |oy| < k}. Then, the Bernstein representation of A is

i=1

Ba(w k) =) Bebe(w; k), M

L€l

where 5, € R, £ € L are coefficients.
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LEstimalion procedure

ESTIMATION PROCEDURE

We want to estimate the Pickands Dependence Function A(w)

1. Transform data in pseudo-polar 4. Tt can be done solving the
coordinates optimization problem

2

d . 1 n I

X min Y7 (b(wi; kB — A(w,-))

r= ;xj and wj = ; !
" st. CB>c

2. Obtain a first guess A with some

non-parametric estimator 5. The solution is

3. Derive the projection of A in the A(W) = Ba(w; k) = b(w, k)8
sub-space of A(w) functions

satisfying the desired properties which coefficients 3 fully

characterize the function
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Estimation procedure

LPI-P3
CONSTRAINTS ARE...
P1 - Convexity. P2 - Boundaries. P3 - Endpoints.
Hessian matrix must be  The optimization The d vertices, and
positive semi-definite problem is verified for  respectively some [,
Yw e Sy each observation must be equal to one
c c® c®

u]
]
I

w
i
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Estimation procedure
= P1-P3

CONSTRAINTS ARE...

P1 - Convexity. P2 - Boundaries. P3 - Endpoints.

Hessian matrix must be  The optimization The d vertices, and

positive semi-definite problem is verified for  respectively some [,

Yw e Sy each observation must be equal to one

c c® c®

Combine all restriction matrices ;

which respectively satisfy P1 - P3 c®
C=|Cc?®
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Estimation procedure
= Confidence bands

CONFIDENCE BANDS

v

We use bootstrap confidence bands (say R = 500 or 2, 000 replicates)

v

Instead of deriving non-parametric (100 — a)% individual confidence
bands from the quantiles of the bootstrap sampling A* (w)

» We construct them, for ea~ch B¢, from the quantiles of the bootstrap
sampling distribution of 3;

P{BerRa/z) <Be < BE?R(I—O[/Z))} =l-a V€L,

v

The benefit of this is that confidence bands are still Pickands
dependence function....(not 100% sure)
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Numerical Results

NUMERICAL RESULTS (d=2)

True dependence function of the
models (red):

w2

» Symmetric Logistic Model with
dependence parameter 0.4 and 0.7

> Asymmetric Logistic Model

° 70.‘0 02 o4 08 08 10 ° 70.‘0 02 04 o8 08 10 with dependence parameter 0.4
" " andt; = 0.2, = 0.8
- » Hiisler-Reiss Model with A = 1
2 » n=150
o] » ngrid = 200
5ol | » A(w) (solid black), Confident
ol ol Bands (dotted black)

wi wi
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Numerical Results

NUMERICAL RESULTS (d=3)

» True dependence function of the °
Symmetric Logistic Model (red) / -
with dependence parameter R Sy
a=0.28 >

> n= 10 ‘o' -

> ngrid = 200 N

> A(w) (dashed), A(w) (solid) SN

u]
]
I
w
i
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Numerical Results

NUMERICAL RESULTS (d=3)

» True dependence function of the
Symmetric Logistic Model (red)
with dependence parameter

a=0.38
» n=1>50
> ngrid = 200

> A(w) (solid)
» Confident Bands (dashed)
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Numerical Results

NUMERICAL RESULTS (d=3)

v

True dependence function of the
Symmetric Logistic Model (red)
with dependence parameter
a=20.5

» n=150

ngrid = 200

A(W) (solid)

Confident Bands (dashed)

v

v

v
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Properties

PROPERTIES

For deriving asymptotic properties of A we need B to be bounded
Lemma

» Consider a d-dimensional vector X = (X1, ...,Xy) and let
k=0,1,2,... be the order of the polynomial

» The number of coefficients, p; = p(k,d) depend on both k and d
k+1 if d=1,
pe=4 Y k+2—m) ifd=2,

SR () e 2om) (2 om) e g 3

m=1 m—1
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MAIN RESULT
Weak Consistency

» Assume N = O(N")andk = O(N®), 0 < r,a < 1

> gi = rank of the restriction matrix C which is assumed to be of full rank
» For Lemma we have

Z|Be| < pr

and
Lely

sup A(w) < oo,

wES;
» If, forsome 0 < § < 1 and N — oo,

gk — o0

4 4
qipilog(pr) Pi
Pk — OO T—)O k1_6—>0,
» Then ~
sup (A(w) —A(w)) = 0N
wES;
where [ € R.
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LCOI)C]USIOI)

CONCLUSION

1. We proposed a method for deriving a multivariate non-parametric
estimator of the Pickands satisfying the required properties

2. The method is based on Bernstein polynomials.
The benefits of using them are:

» Compared to other polynomials, » The resulting estimator has nice
they have optimal properties in asymptotic properties, under
shape-preserving estimation opportune conditions, as sample
problems (Wang and Ghosh, size increases
2012)

» Bootstrap confidence bands are

» Fast computation in easy to obtain (lower and upper
high-dimensions bounds are proper Pickands....

to be formalized)
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