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Introduction

PCA has been widely used for dimension reduction and feature
extraction of multivariate data.

It assumes that the data approximately lie on a low-dimensional linear
space.

Let M be the p × n dimensional data matrix. Then it can be
expressed as

M = L0 + Z0,

where L0 denotes a low-rank matrix that represents the subspace, and
Z0 models a small perturbation of each entry of L0.
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Introduction (cont.)

PCA simply seeks the best rank-q estimate of L0 in the ! 2 sense.

If the perturbation is i.i.d. Gaussian, this provides a statistically
optimal estimate of the subspace.

In fact, it can be solved by singular value decomposition (SVD) and
thresholding.

However, since PCA uses up to the second moment of the data, it
may not be efficient to represent data matrix M with some structured
perturbation such as heavy-tailed, asymmetric or skewed data.
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Introduction (cont.)

To propose a new PCA, we define asymmetric Huber-type loss
functions, and consider a connection with skewed distributions.

For motivation of the proposed method, we consider daily maximum
precipitations on the East Asia region that covers 30–50◦N and
120–140◦E.
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Introduction (cont.)
Densities of daily maximum precipitations in four selected months
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Introduction (cont.)

To represent such skewed data or bimodal data, we consider an
asymmetric density function,

fτ,c(u; µ, " ) =
#(1− #)

"
exp

!
− $τ,c

" u − µ
"

#$
,

where µ and " are location and scale parameters, respectively, and
the function $τ,c(u) is given by

$τ,c(u) =

%
&&&&'

&&&&(

(# − 1)(u + 0.5c) for u < −c
0.5(1− #)u2/ c for − c ≤ u < 0

0.5#u2/ c for 0 ≤ u < c

#(u − 0.5c) for c ≤ u.
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Introduction (cont.)

The function $τ,c(u) with # = 0.5 is equivalent to the Huber loss
function.

Owing to having the skewness parameter #, this function can be
termed “asymmetric Huber function”.

Furthermore, we consider a weighted average of the density
fτ,c(u; µ, " ) according to different #’s.
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Introduction (cont.)
Asymmetric density functions with different #’s and the weighted averages of

asymmetric density functions
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Introduction (cont.)

The wighted averages of fτ,c(u; µ, " ) generate skewed or multi-modal
density functions that might reflect the empirical densities of daily
maximum precipitations well.

The wighted average of fτ,c(u) corresponds to the function
) K

k=1 wk$τk ,c(u), termed “composite asymmetric Huber function”.

The minimization of the composite asymmetric Huber function is
equivalent to the maximization of the likelihood from the wighted
average of fτ,c(u).

We formulate a new PCA by replacing the least squares loss function
in the conventional PCA criterion with the composite asymmetric
Huber function.
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Data-Adaptive PCA

Let x = (x1, . . . , xp)T be a p-dimensional random vector with mean
vector µ and covariance matrix Σxx.

PCA can be defined as a solution of the following least squares
criterion,

min
µ,A,ξ

E
*
(x− µ− Aξ)T (x− µ− Aξ)

+
,

where A is a p × q loading matrix, and ξ is a q-dimensional principal
component.
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Data-Adaptive PCA (cont.)

As a sample version, given the observations x1, . . . , xn, PCA is defined
by minimizing

min
µ,A,ξj

n,

j=1

�xj − µ− Aξj�2.

The solutions are

µ̂ = x̄,

Â = Vq = (v1, . . . , vq) = B̂
T

, and

ξ̂j = VT
q (xj − µ̂),

where vj is the p-dimensional eigenvector associated with the jth
largest eigenvalue of Σxx.
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Data-Adaptive PCA (cont.)

Hence, the best rank-q approximation to the data is given by

x̂j = µ̂+ VqV
T
q (xj − µ̂).

VqV
T
q can be interpreted as a projection matrix that maps xj onto

the rank q subspace with minimum squared reconstruction error.
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Data-Adaptive PCA (cont.)

We now consider the following optimization problem,

min
µ,A,ξ

E
K,

k=1

wk�x− µ− Aξ�ρ subject to ATA = Iq,

where �u�ρ :=
) p

i=1 $τk ,c(ui ) with u = (u1, . . . , up)T , and the
weights w1, . . . ,wK are positive constants, sum up to 1 (

)
wk = 1),

which control the contribution of each function $τk ,c .

Employing the composite asymmetric Huber functions is capable of
reflecting distributional features of data such as skewness as well as
bounding outliers effectively, compared to using a single skewed
function.
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Data-Adaptive PCA (cont.)
We consider an empirical version of it with n independent random
vectors x1, . . . , xn as

min
µ,A,ξj

n,

j=1

K,

k=1

wj ,k�xj − µ− Aξj�ρ subject to ATA = Iq.

The ideal weight vector is one that gives high values on the
meaningful skewness parameters and near zeros on the meaningless
ones.

In this study, we consider the following length K vector for each
observation vector x as weight,

wopt =
-
f {F−1(#1)}, . . . , f {F−1(#K )}

. T ,

where f and F are the probability density function and cumulative
distribution function of x, respectively.

Hee-Seok Oh PEPER Workshop at Aussois



A Data-Adaptive Principal Component Analysis 16 / 43

Pseudo Data-Based Data-Adaptive PCA
We define pseudo data as

x̃ = µ+ Aξ +
K,

k=1

wk%τk ,c
-
x− µ− Aξ

.
,

where %τk ,c(u) := (%τk ,c(u1), . . . , %τk ,c(up))
T with u = (u1, . . . , up)T

and %τk ,c(u) = $�τk ,c(u).
We consider minimization of the conventional PCA criterion with
pseudo data x̃ as

n,

j=1

�x̃j − µ− Aξj�2,

which is asymptotically equivalent to minimization of

n,

j=1

K,

k=1

wj ,k�xj − µ− Aξj�ρ subject to ATA = Iq.
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Pseudo Data-Based Data-Adaptive PCA (cont.)

Theorem
Assume that the diagonal elements of the projection matrix
Γ = A(ATA)−1AT are uniformly small, that is

max
1≤i≤p

&ii = ' n,p � 1.

Under a further assumption that n' n,pq2 → 0, we have

q,

t=1

/
/
/

n,

j=1

(̂ tj −
n,

j=1

(̃ tj
/
/
/ → 0 in probability as n → ∞,

where (̃ tj is the (t, j)th component of Ξ̃, and (̂ tj is the (t, j)th component
of Ξ̂. Note that the q × n matrix Ξ̃ = (ξ̃1, . . . , ξ̃n) with
ξ̃j = ((̃1j , . . . , (̃qj)T .
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Practical Algorithm

In practice, the pseudo data is not available since A and B are
unknown.

We consider a fixed point analogy to pseudo data, “empirical pseudo
data” defined as

z = µ̂+ Âξ̂ +
K,

k=1

wk%τk ,c
-
x− µ̂− Âξ̂

.

= x̂+
K,

k=1

wk%τk ,c
-
x− x̂

.
,

where µ̂, Â and ξ̂ are computed by the following iterative algorithm.
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Practical Algorithm (cont.)

Suppose that we have initial matrices Â
(0)

and M̂
(0)

= [µ̂(0)
ij ]i ,j . Iterate,

until convergence, the following two steps for L = 0, 1, . . .

Compute the empirical pseudo data matrix Z in the element-wise
manner,

Z (L)
ij = X̂ (L)

ij +
1

2

K,

k=1

wj ,k%τk ,c
-
Xij − X̂ (L)

ij

.

for given weights (wj ,1, . . . ,wj ,K ) at each j .

Obtain next iterative estimates Â
(L+1)

and B̂
(L+1)

by minimizing the

conventional least squares criterion with z(L)j for all j . Then estimate

X̂
(L+1)

= M̂
(L+1)

+ Â
(L+1)

B̂
(L+1)-

Z(L) − M̂
(L+1).

.
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Practical Algorithm (cont.)

The effect of pseudo data transformation
� We generate positively (negatively) skewed data and compute the

converged pseudo data z(L) from the above iterative algorithm.
� The distribution of the transformed pseudo data tends to be close to a

bell shape distribution.
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Practical Algorithm (cont.)
Empirical pseudo data transformation
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Practical Algorithm (cont.)

Theorem
Let

R
-
G

.
=

p,

i=1

n,

j=1

K,

k=1

wj ,k$τk ,c
-
Xij − Gij

.
.

Under the assumption that %τk ,c(u) = $�τk ,c(u) is continuous and
%�
τk ,c(u) ≤ 2 almost everywhere, we obtain

R
-
X̂

(L+1). ≤ R
-
X̂

(L).
,

where X̂
(L)

is the solution of the proposed algorithm at the stage L.

Hee-Seok Oh PEPER Workshop at Aussois



A Data-Adaptive Principal Component Analysis 23 / 43

Practical Algorithm (cont.)

Theorem

If R(G) is unimodal with Ĝ
∗
being the only stationary point, then the

proposed algorithm provides a sequence {Ĝ(L)} that converges to the
unique minimizer of R(G).
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Penalized Data-Adaptive PCA

We propose a new type of penalized PCA by coupling the proposed
data-adaptive PCA with a penalty approach.

It is designed for considering high-dimensional data efficiently and for
holding sparse loadings that may be able to interpret them easily.

Note that Zou et al. (2006) introduced a sparse principal component
analysis (SPCA) using elastic net penalty approach.
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Penalized Data-Adaptive PCA (cont.)

The penalized q principal components and the corresponding loadings
can be expressed as the solution of

min
µ,A,ξj

n,

j=1

K,

k=1

wj ,k�xj − µ− Aξj�ρ + )
q,

�=1

�a��2 +
q,

�=1

) 1,��a��1

subject to ATA = Iq,

where A = (a1, . . . , aq) with a� = (a�,1, . . . , a�,p)T .

The value ) is identically used for all q principal components, while
the ) 1,� are applied for component-wise regularization over different ! .
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Penalized Data-Adaptive PCA (cont.)

To implement the above optimization, we use the pseudo data
concept again. More specifically, we consider q principal components
and loadings that minimize the following criterion

n,

j=1

K,

k=1

�x̃j − µ− Aξj�2 + )
q,

�=1

�a��2 +
q,

�=1

) 1,��a��1

subject to ATA = Iq,

which is equivalent to the criterion of SPCA with the pseudo data x̃j
(j = 1, . . . , n).

To develop a practical algorithm, we simply use the SPCA algorithm
of Zou et al. (2006) with the empirical pseudo data z.
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Practical Performance

We conduct simulation studies and a real data analysis to evaluate
the practical performance of the proposed methods.

We compare the proposed methods, data-adaptive PCA (DPCA) and
penalized DPCA (PDPCA) with

� conventional PCA,
� ROBPCA of Hubert et al.(2005) and
� S-ROB of Hubert et al. (2009), which is a kind of ROBPCA for skewed

data
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Simulation Study

Case 1 (Contaminated Skewed Gaussian Distribution) : consider data with
dimensions n = 50 by p = 100

(1− ' ) MVN(0,Σ1) + ' MVSN(ξ,Ω,α).

The first term – Multivariate normal distribution with mean 0 vector
and covariance matrix
Σ1 = diag(17, 13.5, 8, 3, 1, 0.095, . . . , 0.002, 0.001).
The second term – Multivarirate skewed normal distribution.

� Ω = I, the location vector ξ = (0, 0, 0, 0, 0, 6, 0, . . . , 0)T and ' = 0.1.
� The shape parameter α is set

α = ±(50, . . . , 50, 30, . . . , 30, 20, . . . , 20, 10, . . . , 10)T , where 10 is
repeated 70 times and all other numbers are repeated 10 times.
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Simulation Study (cont.)

Table: Simulation results of Case 1

Positively skewed contamination
PCA ROBPCA S-ROB DPCA PDPCA

RMSE(d̂1) 7.98 4.30 4.01 3.56 3.53
(d̂2) 4.75 1.85 2.01 1.28 1.80
(d̂3) 2.28 1.24 1.11 1.10 1.88

Negatively skewed contamination
PCA ROBPCA S-ROB DPCA PDPCA

RMSE(d̂1) 10.24 5.00 5.20 4.24 4.29
(d̂2) 5.66 1.85 1.57 1.38 2.13
(d̂3) 3.11 1.12 1.00 1.26 2.80
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Simulation Study (cont.)

Case 2 (Bimodal Distribution): consider data with dimensions n = 50 by
p = 100

(1− * ) MVN(0, I) + * MVSN(ξ, I,α).

Here ξ = (4, . . . , 4)T and α = (50, 49, . . . , 2, 1)T .

The parameter * is set for controlling bimodality. Here * is set to 0.6.

We evaluate a measure of discrepancy between reconstruction by
some selected PCs and the original data as

RMSErec(j) =

0 ,

i

(Xij − X̂ij)2, j = 1, . . . , n,

where Xij denotes the original data and X̂ij is the reconstruction by
the selected PCs.
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Simulation Study (cont.)
RMSErec values of reconstruction by 1 to 4 principal components over different samples (n = 50)
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Face Reconstruction

Recall that the data matrix consists of a low-rank matrix L and a
small perturbed matrix Z as

M = L+ Z .

We consider Lennon image in gray scale as test image L.

For scenario of small perturbation Z , we consider three types of
noises, (i) positively skewed distributed errors, (ii) negaitively skewed
distributed errors, and (iii) bimodal distributed errors.
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Face Reconstruction (cont.)

Lennon image and three perturbed Lennon images
(a) Original Image (b) Noisy Image - bimodal

(c) Noisy Image - positive skewed (d) Noisy Image - negative skewed
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Face Reconstruction (cont.)

Table: Averaged MSE values of reconstructions by various PCAs. Numbers in
parentheses are estimated standard errors

Method PCA ROBPCA DPCA

18.35 (2.28) 18.20 (2.29) 17.76 (1.94)

The mean-squared-error MSE =
)

i

)
j(fij − f̂ij)2/ T , where fij and f̂ij are the

original value and reconstructed value of the (i , j)th pixel, respectively, and T

denotes the total number of pixel.
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Real Data Analysis

We apply the proposed methods to analyze the daily maximum
precipitation data for the period of October, 1996 – June, 2009.

The data come from the CPC Merged Analysis of Precipitation
(CMAP), which is analyzed by the Climate Research Unit, UK.

The values are on 360 × 180 grids that cover the entire globe with an
1◦ interval.

We focus on the East Asia region that covers 30–50◦N and
120–140◦E, and hence, the number of variables is p = 441.
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Real Data Analysis (cont.)
Densities of daily maximum precipitations in four selected months
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Real Data Analysis (cont.)

It seems that the distribution of the daily maximum precipitation data
is positively skewed or bimodal.

For comparison, we obtain loading matrices of four leading PCs from
the conventional PCA, ROBPCA, S-ROB, DPCA, and PDPCA.
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Real Data Analysis (cont.)
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Real Data Analysis (cont.)

Furthermore, we reconstruct data by one to four PCs, and then
evaluate root mean square error (RMSE);

RMSErec(j) =

12
2
3

441,

i=1

(Xij − X̂ij)2, j = 1, . . . , 153,

where Xij and X̂ij denote the observed daily maximum precipitation
and reconstructed data at the ith grid point on the jth month,
respectively.
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Real Data Analysis (cont.)
RMSErec values over time
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Real Data Analysis (cont.)

Table: Ranks of RMSE values in the figure

Time PCA ROBPCA S-ROB DPCA PDPCA

Oct. 1996 3 2 5 1 4
Nov. 1996 3 2 5 1 4

...
...

...
...

...
May. 2009 4 2 3 1 5
Jun. 2009 3 5 2 1 4

Average rank 2.52 3.56 4.18 1.24 3.50
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Real Data Analysis (cont.)

The methods are ranked in ascending order with respect to the
RMSErec values in Table.

As shown, the proposed DPCA yields the smallest average rank, and
the difference between the RMSErec values of DPCA and PCA base
on the Wilcoxon rank test is significant under the significance level
1%.
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Summary

In this study, we have proposed a new data-adaptive PCA method.

The distribution assumption of data for PCA can be extended from
Gaussianity to a general distribution family including skewed
distributions and heavy-tailed distributions.

By introducing the concept of pseudo data, the proposed
data-adaptive PCA method can be interpreted as another version of
the conventional PCA, and a practical algorithm based on the pseudo
data has been developed.

As a generalization, we have considered a penalized data-adaptive
PCA that provides sparse representations.
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